We use the embedding tensor method to construct the most general maximal gauged/massive supergravity in d = 9 dimensions and to determine its extended field content. Only the 8 independent deformation parameters (embedding tensor components, mass parameters etc.) identified by Bergshoeff et al. (an SL(2, R) triplet, two doublets and a singlet) can be consistently introduced in the theory, but their simultaneous use is subject to a number of quadratic constraints. These constraints have to be kept and enforced because they cannot be used to solve some deformation parameters in terms of the rest. The deformation parameters are associated to the possible 8-forms of the theory, and the constraints are associated to the 9-forms, all of them transforming in the conjugate representations. We also give the field strengths and the gauge and supersymmetry transformations for the electric fields in the most general case. We compare these results with the predictions of the E 11 approach, finding that the latter predicts one additional doublet of 9-forms, analogously to what happens in N = 2 d = 4, 5, 6 theories. 
Introduction
and covariant derivatives, supersymmetry transformations etc.) is contained in AppendixC.
Maximal d = 9 supergravity: the undeformed theory
There is only one undeformed (i.e. ungauged, massless) maximal (i.e. N = 2, containing no dimensionful parameters in their action, apart from the overall Newton constant) 9-dimensional supergravity [42] . Both the dimensional reduction of the massless N = 2A, d = 10 theory and that of the N = 2B, d = 10 theory on a circle give the same undeformed N = 2, d = 9 theory, a property related to the T duality between type IIA and IIB string theories compactified on circles [43, 44] and from which the type II Buscher rules can be derived [45] .
The fundamental (electric) fields of this theory are, where I = 0, i, with i, j, k = 1, 2 and i, j, k = 1, 2 7 . The complex scalar τ parametrizes an SL(2, R)/U(1) coset that can also be described through the symmetric SL(2, R) matrix
2)
The undeformed field strengths of the electric p-forms are, in our conventions 8,9
3) The rest of the fields (e a µ , ϕ, A 0 µ , C µνρ ), are invariant under SL(2, R). We are going to label the 5 generators of these global symmetries by T A , A = 1, · · · , 5. {T 1 , T 2 , T 3 } will be the 3 generators of SL(2, R) (collectively denoted by {T m }, m = 1, 2, 3), and T 4 and T 5 will be, respectively, the generators of the rescalings α and β. Our choice for the generators of SL(2, R) acting on the doublets of 1-forms A i and 2-forms B i is 22) where the σ m are the standard Pauli matrices, so
Then, the 3 × 3 matrices corresponding to generators acting (contravariantly) on the 3 1-forms A I (and covariantly on their dual 6-formsÃ I to be introduced later) are A . The 2 × 2 matrices corresponding to generators acting (contravariantly) on the doublet of 2-forms B i (and covariantly on their dual 5-formsB i to be introduced later) are
((T 4 ) j i ) = diag (3, 3) , ((T 5 ) j i ) = diag(−1/4, 1/2) .
(2.25)
We will denote this representation by T
A . The generators that act on the 3-form C (sometimes denoted by T We will also need the generators that act on the magnetic 4-formC (see next section), also denoted by T We define the structure constants f AB C by
The symmetries of the theory are isometries of the scalar manifold (R × SL(2, R/U(1)). The Killing vector associated to the generator T A will be denoted by k A and will be normalized so that their Lie brackets are given by
The SL(2, R)/U(1) factor of the scalar manifold is a Kähler space with Kähler potential, Kähler metric and Kähler 1-form, respectively given by K = − log ℑmτ = φ , G τ τ * = ∂ τ ∂ τ * K = In general, the isometries of the Kähler metric only leave invariant the Kähler potential up to Kähler transformations :
.c. = λ m (τ ) + c.c. , 31) where the λ m are holomorphic functions of the coordinates that satisfy the equivariance property
Then, for each of the SL(2, R) Killing vectors k m , m = 1, 2, 3, it is possible to find a real Killing prepotential or momentum map P m such that
The non-vanishing components of all the Killing vectors are
τ . (2.34) and
The holomorphic functions λ m (τ ) take the values 36) and the momentum maps are given by:
These objects will be used in the construction of SL(2, R)-covariant derivatives for the fermions.
Magnetic fields
As it is well known, for each p-form potential with p > 0 one can define a magnetic dual which in d − 9 dimensions will be a (7 − p)-form potential. Then, we will have magnetic 4-, 5-and 6-form potentials in the theory.
A possible way to define those potentials and identify their (8 − p)-form field strengths consists in writing the equations of motion of the p-forms as total derivatives. Let us take, for instance, the equation of motion of the 3-form C Eq. (2.17). It can be written as
We can transform this equation of motion into a Bianchi identity by replacing the combination of fields on which the total derivative acts by the total derivative of a 4-form which we choose for the sake of convenience
39) 11 The holomorphic and anti-holomorphic components are defined by 12 With this definitionG will have exactly the same form that we will obtain from the embedding tensor formalism. whereC will be the magnetic 4-form. This relation can be put in the form of a duality relation
where we have defined the magnetic 5-form field strength
The equation of motion forC is just the Bianchi identity of G rewritten in terms ofG.
In a similar fashion we can define a doublet of 5-formsB i with field strengths denoted bỹ H i , and a singlet and a doublet of 6-formsÃ 0 ,Ã i with field strengths denoted, respectively, bỹ F 0 andF i . The field strengths can be chosen to have the form
42)
43) 44) and the duality relations areH
45)
46)
The situation is summarized in Table 2 . The scaling weights of the magnetic fields are given in Table 3.   0  1  2 3 4 5  6  7  8 This dualization procedure is made possible by the gauge symmetries associated to all the p-form potentials for p > 0 (actually, by the existence of gauge transformations with constant parameters) and, therefore, it always works for massless p-forms with p > 0 and generically fails for 0-form fields. However, in maximal supergravity theories at least, there is a global symmetry group that acts on the scalar manifold and whose dimension is larger than that of the scalar manifold. Therefore, there is one Noether 1-form current j A associated to each of the generators of the global symmetries of the theory T A . These currents are conserved on-shell, i. e. they satisfy
on-shell, and we can define a (d − 2)-form potentialÃ
where G AB is the inverse Killing metric of the global symmetry group, so that the conservation law (dynamical) becomes a Bianchi identity.
Thus, while the dualization procedure indicates that for each electric p-form with p > 0 there is a dual magnetic (7 − p)-form transforming in the conjugate representation, it tells us that there are as many magnetic (d − 2)-form duals of the scalars as the dimension of the global group (and not of as the dimension of the scalar manifold) and that they transform in the co-adjoint representation. Actually, since there is no need to have scalar fields in order to have global symmetries, it is possible to define magnetic (d − 2)-form potentials even in the total absence of scalars 13 . According to these general arguments, which are in agreement with the general results of the embedding-tensor formalism [31, 33, 29, 30] , we expect a triplet of 7-form potentialsÃ m (7) associated to the SL(2, R) factor of the global symmetry group [37] and two singletsÃ 4 (7) ,Ã 5 (7) associated to the rescalings α, β (see Table 2 ).
Finding or just determining the possible magnetic (d − 1)-and d-form potentials in a given theory is more complicated. In the embedding-tensor formalism it is natural to expect as many (d − 1)-form potentials as deformation parameters (embedding-tensor components, mass parameters etc.) can be introduced in the theory since the rôle of the (d − 1)-forms in the action is that of being Lagrange multipliers enforcing their constancy 14 . The number of deformation parameters that can be introduced in this theory is, as we are going to see, very large, but there are many constraints that they have to satisfy to preserve gauge and supersymmetry invariance. Furthermore, there are many Stückelberg shift symmetries acting on the possible (d − 1)-form potentials. Solving the constraints leaves us with the independent deformation parameters that we can denote by m ♯ and, correspondingly, with a reduced number of (d − 1)-form potentials A ♯ (d−1) on which only a few Stückelberg symmetries (or none at all) act 15 .
The d-form field strengthsF ♯ (d) are related to the scalar potential of the theory through the expression [31, 33, 29, 30] 
Thus, in order to find the possible 8-form potentials of this theory we need to study its independent consistent deformations m ♯ . We will consider this problem in the next section.
In the embedding-tensor formalism, the d-form potentials are associated to constraints of the deformation parameters since they would be the Lagrange multipliers enforcing them in the action [26] . If we do not solve any of the constraints there will be many d-form potentials but there will be many Stückelberg symmetries acting on them as well. Thus, only a small number of irreducible constraints that cannot be solved 16 and of associated d-forms may be expected in the end, but we have to go through the whole procedure to identify them. This identification will be one of the main results of the following section.
However, this is not the end of the story for the possible 9-forms. As it was shown in Ref.
[30] in 4-5-and 6-dimensional cases, in the ungauged case one can find more d-forms with consistent supersymmetric transformation rules than predicted by the embedding-tensor formalism. Those additional fields are predicted by the Kač-Moody approach [11] . However, after gauging, the new fields do not have consistent, independent, supersymmetry transformation rules to all orders in fermions 17 , and have to be combined with other d-forms, so that, in the end, only the number of d-forms predicted by the embedding-tensor formalism survive.
This means that the results obtained via the embedding-tensor formalism for the 9-forms have to be interpreted with special care and have to be compared with the results obtained with other approaches.
The closure of the local supersymmetry algebra needs to be checked on all the fields in the tensor hierarchy predicted by the embedding-tensor formalism and, in particular, on the 9-forms to all orders in fermions. However, given that gauge invariance is requirement for local supersymmetry invariance, we expect consistency in essentially all cases with the possible exception of the 9-forms, according to the above discussion. In the next section we will do this for the electric fields of the theory.
Deforming the maximal d = 9 supergravity
In this section we are going to study the possible deformations of d = 9 supergravity, starting from its possible gaugings using the embedding-tensor formalism and constructing the corresponding tensor hierarchy [17, 18, 19, 20, 21, 31, 33] up to the 4-form potentials.
If we denote by Λ I (x) the scalar parameters of the gauge transformations of the 1-forms A I and by α A the constant parameters of the global symmetries, we want to promote
where ϑ I A is the embedding tensor, in the transformation rules of all the fields, and we are going to require the theory to be covariant under the new local transformations using the 1-forms as gauge fields.
To achieve this goal, starting with the transformations of the scalars, the successive introduction of higher-rank p-form potentials is required, which results in the construction of a tensor hierarchy. Most of these fields are already present in the supergravity theory or can be identified with their magnetic duals but this procedure allows us to introduce consistently the highest-rank fields (the d-, (d − 1)-and (d − 2)-form potentials), which are not dual to any of the original electric fields. Actually, as explained in Section 2.2, the highest-rank potentials are related to the symmetries (Noether currents), the independent deformation parameters and the constraints that they satisfy, but we need to determine these, which requires going through this procedure checking the consistency with gauge and supersymmetry invariance at each step.
Thus, we are going to require invariance under the new gauge transformations for the scalar fields and we are going to find that we need new couplings to the gauge 1-form fields (as usual). Then we will study the modifications of the supersymmetry transformation rules of the scalars and fermion fields which are needed to ensure the closure of the local supersymmetry algebra 17 The insufficience of first-order in fermions checks was first noticed in Ref. [6] .
on the scalars. Usually we do not expect modifications in the bosons' supersymmetry transformations, but the fermions' transformations need to be modified by replacing derivatives and field strengths by covariant derivatives and covariant field strengths and, furthermore, by adding fermion shifts. The local supersymmetry algebra will close provided that we impose certain constraints on the embedding tensor components and on the fermion shifts.
Repeating this procedure on the 1-forms (which requires the coupling to the 2-forms) etc. we will find a set of constraints that we can solve, determining the independent components of the deformation tensors 18 and the fermions shifts. Some constraints (typically quadratic in deformation parameters) have to be left unsolved and we will have to take them into account towards the end of this procedure.
As a result we will identify the independent deformations of the theory and the constraints that they satisfy. From this we will be able to extract information about the highest-rank potentials in the tensor hierarchy.
The 0-forms ϕ, τ
Under the global symmetry group, the scalars transform according to
where the α A are the constant parameters of the transformations, labeled by A = 1, · · · , 5, and where k A ϕ and k A τ are the corresponding components of the Killing vectors of the scalar manifold, given in Eq. (2.35) (Eq. (2.34)).
According to the general prescription Eq. (3.1), we want to gauge these symmetries making the theory invariant under the local transformations
where Λ I (x), I = 0, 1, 2, are the 0-form gauge parameters of the 1-form gauge fields A I and ϑ I A is the embedding tensor.
To construct gauge-covariant field strengths for the scalars it is enough to replace their derivatives by covariant derivatives.
Covariant derivatives
The covariant derivatives of the scalars have the standard form
and they transform covariantly provided that the 1-form gauge fields transform as
where the Λ i , i = 1, 2, are two possible 1-form gauge parameters and Z I i is a possible new deformation parameter that must satisfy the orthogonality constraint
Furthermore, it is necessary that the embedding tensor satisfies the standard quadratic constraint
that expresses the gauge-invariance of the embedding tensor. As a general rule, all the deformation tensors have to be gauge-invariant and we can anticipate that we will have to impose the constraint that expresses the gauge-invariance of Z I i , namely
where
Supersymmetry transformations of the fermion fields
We will assume for simplicity that the supersymmetry transformations of the fermion fields in the deformed theory have essentially the same form as in the undeformed theory but covariantized (derivatives and field strengths) and, possibly, with the addition of fermion shifts which we add in the most general form:
ϕ Gǫ * , (3.11)
In these expressions, f, k, g, h,g,h are six functions of the scalars and deformation parameters to be determined, the covariant field strengths have the general form predicted by the tensor hierarchy (to be determined) and the covariant derivatives of the scalars have the forms given above. Furthermore, in δ ǫ ψ µ , D µ ǫ stands for the Lorentz-and gauge-covariant derivative of the supersymmetry parameter, which turns out to be given by
where P m 1, 2, 3 are the momentum maps of the holomorphic Killing vectors of SL(2, R), defined in Eq. (2.33) and given in Eq. (2.37), ∇ µ is the Lorentz-covariant derivative and
is the derivative of χ covariant only with respect to the β rescalings. it can be checked that D µ ǫ transforms covariantly under gauge transformations if and only if the embedding tensor satisfies the standard quadratic constraint Eq. (3.7). An equivalent expression for it is 
is the total covariant derivative of χ (which is invariant under both the α and β scaling symmetries as well as under SL(2, R)).
The actual form of the (p + 1)-form field strengths will not be needed until the moment in which study the closure of the supersymmetry algebra on the corresponding p-form potential.
Closure of the supersymmetry algebra on the 0-forms ϕ, τ
We assume that the supersymmetry transformations of the scalars are the same as in the undeformed theory
17)
To lowest order in fermions, the commutator of two supersymmetry transformations gives
where ξ µ is one of the spinor bilinears defined in Appendix A.1 that clearly plays the rôle of parameter of the general coordinate transformations and a, b, c, d are the scalar bilinears defined in the same appendix.
In the right hand side of these commutators, to lowest order in fermions, we expect a general coordinate transformation (the Lie derivative £ ξ of the scalars with respect to ξ µ ) and a gauge transformation which has the form of Eq. (3.3) for the scalars. Therefore, the above expressions should be compared with
from which we get the relations
which would allow us to determine the fermion shift functions if we knew the gauge parameters Λ I . In order to determine the Λ I s we have to close the supersymmetry algebra on the 1-forms. In these expressions and in those that will follow, we use the shorthand notation
The 1-forms A

I
The next step in this procedure is to consider the 1-forms that we just introduced to construct covariant derivatives for the scalars.
The 2-form field strengths F
I
The gauge transformations of the 1-forms are given in Eq. (3.5) and we first need to determine their covariant field strengths. A general result of the embedding-tensor formalism tells us that we need to introduce 2-form potentials in the covariant field strengths. In this case only have the SL(2, R) doublet B i at our disposal and, therefore, the 2-form field strengths have the form 26) where X JK I has been defined in Eq. (3.9) and Z I i is precisely the deformation tensor we introduced in Eq. (3.5). F I will transform covariantly under Eq. (3.5) if simultaneously the 2-forms B i transform according to 27) where h IJ i and Z i are two possible new deformation tensors the first of which must satisfy the constraint
while Z i must satisfy the orthogonality constraint
Both of them must satisfy the constraints that express their gauge invariance:
A .
(3.32)
Closure of the supersymmetry algebra on the 1-forms A
I
We assume, as we are doing with all the bosons, that the supersymmetry transformations of the 1-forms of the theory are not deformed by the gauging, so they take the form
The commutator of two of them gives, to lowest order in fermions,
ℜe(h) − 1 4 ℜe(h) ρ µ −2e
ℜe(h) − 1 4
ℑm(h) −
4
ℑm(h) σ µ , (3.37) and
ℜe(g) − 1 4 ℜe(g) ξ µ −2e 38) where σ µ and ρ µ are spinor bilinears defined in Appendix A.1. The closure of the local supersymmetry algebra requires the commutators to take the form
which will only happen if gauge parameters Λ I are given by
ϕ b ,
φ (χd + e −φ c) ,
and the 1-form gauge parameters Λ i µ satisfy the relations
ℜe(g) − 1 4 ℜe(g) + e −φ −ℜe(k) −
ℑm(h) σ µ ,
ℜe(g) − 1 4 ℜe(g)
ℜe(h) −
ℜe(h) σ µ ,
Using the values of the parameters Λ I that we just have determined in the relations Eqs. (3.23) and (3.24) we can determine some of the fermions shifts:
ϕ+φ , (3.46)
As a matter of fact, g is overdetermined: we get two different expression for it that give the same value if and only if
which, upon use of the explicit expressions of the holomorphic Killing vectors k A τ in Section 2.1, leads to the following linear constraints on the components of the embedding tensor:
(3.49)
These constraints allow us to express 4 of the 15 components of the embedding tensor in terms of the remaining 11, but we are only going to do this after we take into account the constraints that we are going to find in the closure of the local supersymmetry algebra on the doublet of 2-forms B i . The values of g, h.g,h and the above constraints are compatible with those of the primary deformations found in Ref. [41] .
The 2-forms B i
In the previous subsection we have introduced a doublet of 2-forms B i with given gauge transformations to construct the 2-form field strengths F I . We now have to construct their covariant field strengths and check the closure of the local supersymmetry algebra on them.
The 3-form field strengths H i
In general we need to introduce 3-form potentials to construct the covariant 3-form field strengths and, since in maximal 9-dimensional supergravity, we only have C at our disposal, the 3-form field strengths will be given by
and they transform covariantly under the gauge transformations of the 1-and 2-forms that we have previously determined provided if the 3-form C transforms as
where g Ii and Z are two possible new deformation parameters. g Ii must satisfy the constraint
while Z must satisfy the orthogonality constraint
Both must by gauge-invariant, which implies the constraints
Using the constraints obeyed by the deformation parameters and the explicit form of the 2-form field strengths F I we can rewrite the 3-form field strengths in the useful form
Closure of the supersymmetry algebra on the 2-forms B i
In the undeformed theory, the supersymmetry transformation rules for the 2-forms are 
In the commutator of two supersymmetry transformations on the 2-forms, these terms give the right contributions to the terms −2h IJ i Λ I F J of the gauge transformations (see Eq. (3.27)). However, these terms must receive other contributions in order to be complete and it turns out that the only terms of the form −2h IJ i Λ I F J that can be completed are precisely those of the undeformed theory, which correspond to
In order to get more general h IJ i s it would be necessary to deform the fermions' supersymmetry rules, something we will not do here. Furthermore, the structure of the Chern-Simons terms of the field strengths is usually determined by the closure of the supersymmetry algebra at higher orders in fermions and it is highly unlikely that a more general structure of the ChernSimons terms will be allowed by supersymmetry. Therefore, from now on, we will set h IJ i to the above value and we will set the values of the deformation tensors in the Chern-Simons terms of the higher-rank field strengths, to the values of the undeformed theory. Using the above value of h IJ i in the constraints in which it occurs will help us to solve them, sometimes completely, as we will see. Nevertheless, we will keep using the notation h IJ i for convenience. Using the identity 62) we find that the local supersymmetry algebra closes on the B i s in the expected form (to lowest order in fermions) 
where 3.65) and the shift term is given by
ℜe(g) e −φ ξ µν , (3.66)
Now, let us analyze the constraints that involve h IJ i . From those that only involve the embedding tensor we find seven linear constraints that imply those in Eqs. (3.49) and that can be used to eliminate seven components of the embedding tensor:
leaving the eight components (a triplet of SL(2, R) in the upper component, a singlet and two doublets of SL(2, R) in the lower components)
as the only independent ones. These components correspond to the eight deformation parameters of the primary deformations studied in Ref. [41] . More precisely, the relation between them are
From the constraints that relate h IJ i to Z I i , Z i and g Ii we can determine all these tensors, up to a constant ζ, in terms of the independent components of the embedding tensor:
The constant ζ is the coefficient of a Chern-Simons term in the 4-form field strength and, therefore, will be completely determined by supersymmetry.
Finally, using all these results in Eqs. (3.41-3.43) we find
ϕ , (3.73)
which determines almost completely all the fermion shifts. We find that, in order to determine completely ℜe(f ) and ℑm(h), separately, one must study the closure of the supersymmetry algebra on the fermions of the theory or on the bosons at higher order in fermions. The result is
All these results are collected in Appendix C.
The 3-form C
In the next step we are going to consider the last of the fundamental, electric p-forms of the theory, the 3-form C, whose gauge transformation is given in Eq. (3.51).
The 4-form field strength G
The 4-form field strength G is given by
and it is covariant under general gauge transformations provided that the 4-formC transforms as
where the new deformation tensors that we have introduced,g I ,g ij = −g ji andg IJK =g (IJK) , are subject to the constraints
79)
plus the constraints that express the gauge invariance of the new deformation parameters
Closure of the supersymmetry algebra on the 3-form C
Taking into account the form of δ ǫ C µνρ in the undeformed case and the form of the field strength G, we arrive at the following Ansatz for the supersymmetry transformation of the 3-form C:
85) The last two terms are written in terms of the tensors g Ii and h IJ i . In the undeformed theory these tensors have values which are determined by supersymmetry (at orders in fermions higher than we are considering here) and that cannot be changed in the deformed theory, as we already discussed when we considered the 2-forms for h IJ i . Thus, h IJ i is given by Eq. (3.61) and g Ii is given by Eqs. (3.71) with ζ = +1
Using the identity
one can see that the local supersymmetry algebra closes into a general coordinate transformation plus a gauge transformation of C of the form Eq. (3.51) with
and with the identification
ℜe(h) ζ µνρ . (3.88) Comparing Eq. (3.87) with Eqs. (3.66) and (3.67) we find that
To make further progress it is convenient to compute the 5-formG since it will contain the tensorsg I ,g ij ,g IJK that appear in the above expression. These tensors cannot be deformed (just as it happens with h IJ i ) and their values can be found by comparing the general form ofG with the value found by duality, Eq. (2.41).
The generic form of the magnetic 5-form field strengthG is
and comparing this generic expression with Eq. (2.41) we find that
Plugging these values into the constraints that involve Z Eqs. (3.53),(3.55), and (3.79-3.81) we find that it must be related to ϑ 0 5 by
and that ϑ 0 5 must satisfy the two doublets of quadratic constraints
Plugging our results into all the other constraints between deformation tensors, we find that all of them are satisfied provided that the quadratic constraints
are also satisfied. This set of irreducible quadratic constraints that cannot be used to solve some deformation parameters in terms of the rest in an analytic form, and to which the 9-form potentials of the theory may be associated as explained in Section 2.2 is one of our main results.
Summary of results and discussion
In the previous section we have constructed order by order in the rank of the p-forms the supersymmetric tensor hierarchy of maximal 9-dimensional supergravity, up to p = 3, which covers all the fundamental fields of the theory.
As it usually happens in all maximal supergravity theories, all the deformation parameters can be expressed in terms of components of the embedding tensor. Furthermore, we have shown that gauge invariance and local supersymmetry allow for one triplet, two doublets and one singlet of independent components of the embedding tensor
They can be identified with the deformation parameters studied in Ref. [41] :
This proves, on the one hand, that no more deformations are possible and, on the other hand, that all the deformations of maximal 9-dimensional supergravity have a higher-dimensional origin, as shown in Ref. [41] . Furthermore, we have also shown that it is not possible to give non-zero values to all the deformation parameters at the same time, since they must satisfy the quadratic constraints 
3)
all of which are related to gauge invariance. Using these results, we can now apply the arguments developed in Section 2.2 to relate the number of symmetries (Noether currents), deformation parameters, and quadratic constraints to the numbers (and symmetry properties) of 7-, 8-and 9-forms of the theory. Our results can be compared with those presented in Ref. [12] (Table 6 ) and Ref. [13] (Table 3 ) and found from E 11 level decomposition.
Associated to the symmetry group of the equations of motion of the theory, SL(2, R) × R 2 there are 5 Noether currents j A that fit into one triplet and two singlets of SL(2, R) and are explicitly given in Appendix B. Their weights are given in Table 4 . They can be dualized as explained in Section 2.2 into a triplet and two singlets of 7-formsÃ (7) whose weights are given in Table 7 . In Refs. [12, 13] the β rescaling has not been considered. As mentioned before, it corresponds to the so-called trombone symmetry which may not survive to higher-derivative string corrections. The associated 7-form singletÃ 5 (7) does not appear in their analysis. The weights assigned in those references to the fields correspond to one third of the weight of the α rescaling in our conventions.
Associated to each of the SL(2, R) multiplets of independent embedding-tensor components there is a dual multiplet of 8-formsÃ (8) (i.e. one triplet, two doublets and one singlet) whose weights are given in Table 7 . The doublet and singlet associated to the gauging of the trombone symmetry using the doublet and singlet of 1-forms are missing in Refs. [12, 13] , but the rest of the 8-forms and their weights are in perfect agreement with those obtained from E 11 . Given the amount of work that it takes to determine which are the independent components of the Table 5 : Weights of the embedding tensor components embedding tensor allowed by supersymmetry, this is a quite non-trivial test of the consistency of the E 11 and the embedding-tensor approaches. 
there is a 9-form potentialÃ (9) . The weights of these potentials are given in Table 7 . If we set to zero the embedding-tensor components associated to the trombone symmetry ϑ A 5 , the only constraints which are not automatically solved are
The first of these constraints can be decomposed into a quadruplet and a doublet: rewriting Q i m in the equivalent form
the quadruplet corresponds to the completely symmetric part Q (ijk) and the doublet to 10) which is precisely the other doublet. Therefore, we get the quadruplet and one doublet of 9-forms with weight 4 under α/3, while one more doublet is found in Refs. [12, 13] . This situation is similar to the one encountered in the N = 2 theories in d = 4, 5, 6 dimensions [30] . In those cases, the Kač-Moody (here E 11 ) approach predicts one doublet of d-form potentials more than the embedding-tensor formalism [11] . However, it can be seen that taking the undeformed limit of the results obtained in the embedding-tensor formalism, one additional doublet of d-forms arises because some Stückelberg shifts proportional to deformation tensors that could be used to eliminate them, now vanish. Furthermore, the local supersymmetry algebra closes on them as independent fields. By analogy with what happens in the N = 2 theories in d = 4, 5, 6 dimensions, the same mechanism can make our results compatible with those of the E 11 approach (up to the trombone symmetry): we expect the existence of two independent doublets of 9-forms in the undeformed theory but we also expect new Stückelberg transformations in the deformed theory such that one a combination of them is independent and the supersymmetry algebra closes.
This possibility (and the exclusion of any further 9-forms) can only be proven by the direct exploration of all the possible candidates to 9-form supersymmetry transformation rules, to all orders in fermions, something that lies outside the boundaries of this work.
Conclusions
In this paper we have applied the embedding-tensor formalism to the study of the most general deformations (i.e. gaugings and massive deformations) of maximal 9-dimensional supergravity. We have used the complete global SL(2, R) × R 2 symmetry of its equations of motion, which includes the so-called trombone symmetry. We have found the constraints that the deformation parameters must satisfy in order to preserve both gauge and supersymmetry invariance (the latter imposed through the closure of the local supersymmetry algebra to lowest order in fermions). We have used most of the constraints to express some components of the deformation tensors in terms of a few components of the embedding tensor which we take to be independent and which are given in Eq. (4.1). At that point we have started making contact with the results of Ref. [41] , since those independent components are precisely the 8 possible deformations identified there. All of them have a higher-dimensional origin discussed in detail in Ref. [41] . The field strengths, gauge transformations and supersymmetry transformations of the deformed theory, written in terms of the independent deformation tensors, are collected in Appendix C.
The 8 independent deformation tensors are still subject to quadratic constraints, given in Eq. (4.3), but those constraints cannot be used to express analytically some of them in terms of the rest, and, therefore, we must keep the 8 deformation parameters and we must enforce these irreducible quadratic constraints.
In Section 4 we have used our knowledge of the global symmetries (and corresponding Noether 1-forms), the independent deformation tensors and the irreducible quadratic constraints of the theory, together with the general arguments of Section 2.2 to determine the possible 7-, 8-and 9-forms of the theory (Table 7) , which are dual to the Noether currents, independent deformation tensors and irreducible quadratic constraints. We have compared this spectrum of higher-rank forms with the results of Refs. [12, 13] , based on E 11 level decomposition. We have found that, in the sector unrelated to the trombone symmetry, which was excluded from that anal-ysis, the embedding-tensor formalism predicts one doublet of 9-forms less than the E 11 approach. However, both predictions are not contradictory: the extra doublet of 9-forms may not survive the deformations on which the embedding-tensor formalism is built: new 9-form Stückelberg shifts proportional to the deformation parameters may occur that can be used to eliminate it so only one combination of the two 9-form doubles survives. This mechanism is present in the N = 2 d = 4, 5, 6 theories [30] , although the physics behind it is a bit mysterious.
We can conclude that we have satisfactorily identified the extended field content (the tensor hierarchy) of maximal 9-dimensional supergravity and, furthermore, that all the higher-rank fields have an interpretation in terms of symmetries and gaugings. This situation is in contrast with our understanding of the extended field content of the maximal 10-dimensional supergravities (N = 2A, B) for which the E 11 approach can be used to get a prediction of the higher-rank forms (which turns out to be correct [4, 5, 6] ) but th embedding-tensor approach apparently cannot be used 19 for this end. This seems to preclude an interpretation for the 9-and 10-form fields in terms of symmetries and gaugings 20 , at least if we insist in the standard construction of the tensor hierarchy that starts with the gauging of global symmetries. Perhaps a more general point of view is necessary. n 0 1 2 3 4 5 6 7 8 9 a n − + − + − + − + − + b n + − − + + − − + + − Table 8 : Values of the coefficients a n and b n defined in Eqs. (A.3) .
Then, we have
where the signs a n and b n are given in Table 8 A
.1 Spinor bilinears
We define the following real bilinears of the supersymmetry parameters ǫ 1 and ǫ 2 : 
A.2 Relation with other conventions
The electric fields used in this paper are related to those used in Ref. [37] (which uses a mostly minus signature) as follows:
ϕ , (A.8) ε ij A 0ij , (A.13)
(A.14)
The field strengths are related by The relation with the fields used in Ref. [41] (which also uses mostly plus signature) is given by (our fields are in the r.h.s. of these equations) ε ij A 0ij ) , (A. 21) while the field strengths are related by
The rest of the fields are identical.
B Noether currents
The Noether 1-form currents of the undeformed theory j A are given by
